(Dedicated to L.J.F. Broer on the occasion of hi8 retirement)
Introduction
In physics, signal theory and music the so-called Gabor function This function describes an impure tone of width 2/2Y at time a and angular frequency w. In music it could be the performance of a note of length 2/2Y.
Gabor functions are eigenfunctions of the eigenvalue problem du Y dt + tu = AU.
Each A E ~ is an eigenvalue and A = a+ iyw. For y = lour operator is just the annihilation operator and the corresponding Gabor functions are the socalled coherent states.
I am interested in a description of all linear signal processors which turn each Gabor function into (a multiple of) a Gabor function. Mathematically this problem can be cast in the following form: Try to find or characterize all closable, densely defined, possibly unbounded operators in L2 (JR) which turn a Gabor function into a multiple of a Gabor function.
Operators having these properties will be called Gabor operators.
Preliminaries
I will use the Bargman space V. This is a Hilbert space of entire. analytic functions. The inner product is 
Any bounded operator L in V can be represented as an integral transform. ,w Now our mathematical .prohlem is the following: Characterize the set of densely defined and closable operators in V which map a Gabor function in a multiple of a Gabor function. From now on these operators will be called Gabor operators.
Some results on general Gabor operators
As mentioned in the preceding section each element in V can be written as a continuous superposition of the coherent states e = e w Q,w
Intuitively one suspects that the action of an operator G is determined by its action on the elements e • w Heuristically
Necessary conditions for this expression to have a meaning is that
for all z € ~ and some sort of convergence of the integral. Algebraically speaking the functions e w ' w E ~,are independent but topologically they are not. So it is not surprising that .imposing a topological condition on G fgh implies some smoothness of the functions f,g,h.
Theorem 2:
A necessary condition for the operator G fgh to be closable is that f,g and h are analytic functions on an open and dense subset of ~.
A question that immediately comes up is: Does it follow from the closability of G fgh that f,g and h are entire functions? I don't know whether -5 -this follows from the closability condition alone. However, with a gentle additional condition it follows that f,g and h are entire analytic functions.
Theorem 3:
Suppose that G f9h is closable and suppose that f and 9 map bounded sets into bounded sets. Then h must be constant and f and 9 must be entire functions.
The condition on f and 9 in this theorem is satisfied if f and 9 are supposed to be continuous or if G f h is supposed to be a bounded opera- eXists in V-sense. Then u E V(G f h} and the limit is
Any bounded operator in V can be represented by a kernel, see [B] . In the next theorem a class of unbounded closes operators is introduced which can be represented by a kernel. The result is then applied to Gabor operators. where Ai' 0 S; i S; 5, are complex constants, IA11 < 1, IAsl < 1.
Remark 8:
If both G and G* are Gabor operators, the injectiveness of G are G* follows. AS + BS A 3(l -AIBS) ).
The involution is -8 -Remarks 10:
1) The expression (t) makes sense for each ~,B € f. The result of the composition however is not necessarily an element of f. For given ~ composition with an element ~ sufficiently near to (0, 0, 0, 1, 0, 0) leads to an element in f.
2) (~*~) = B * A.
3) (0,0,0,1,0,0) acts as a unit element.
4) The left inverse of ~ is given by
AO can be calculated by putting the first component in (t) The notation of the variables is ~ = (xl"" ,x S ).
With the composition (t) where the first component is left out, E is again a partial Lie-group with involution. The tangent bundle TE is trivializable. The tangent space T L at the unit element is made into a Lie-algebra in e the usual way the aid of the local formula for the Lie-product Evaluation of this lie-product leads to the expression Theorem 12:
Consider the set G of Gabor operators whose adjoint is also a Gabor operator. Let G be provided with the operations of composition (whenever defined on the whole of span <e » and taking the adjoint. Then G is a . a bijective representation of the partial Lie-group with involution f.
By this I mean:
The mapping f :3!. ~GA is bijective.
The left-hand side is defined iff the right-hand side is defined. (v) The set of differential operators of the form mentioned in (iv) can be made into a Lie-algebra in the usual way by defining the Lie-product equal to the commutator. This Lie-algebra is isomorphic to the Lie-algebra T E. e (vi) There is a neighbourhood n of e in E such that each element in n is an element of a one-parameter partial subgroup of E. In the set of Gabor operators corresponding to n each Gabor operator is the result of an evolution process.
Final remarks a) I don't know whether (vi) of the last theorem is globally true. That is whether each Gabor operator that has a Gabor adjoint results from one evolution process.
b) The translation from V back .to L2 (lR) caniibe made via (iv) of the last theorem. The set of infinitesimal generators has exactly the same form there. This can be seen by using the translation rules for creation · . .
-11 ~ and annihilation operators as mentioned in the Preliminaries.
c) ~he class of operators mentioned by De Bruijn [Br] , section 27.3, consists of Gabor operators whose adjoint is also Gabor operator.
It is a proper subset of the class of operators I discussed in the last section.
